Perturbed higher order population models  by Bojadziev, George
PERTURBED HIGHER ORDER POPULATION MODELS 
George Bojadziev 
Department of Mathematics and Statistics, Simon 
Fraser University, Burnaby, B.C., Canada V5A 156 
Abstract. The growth of a single population in ecology can be described by higher or- 
-differential equations (higher order models). Here the behaviour of perturbed 
second order models is investigated qualitatively in the phase plane from the point of 
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INTRODUCTION 
Traditional models in population dynamics con- 
cerning the growth of a single species have been 
described by a first order differential equation 
of the type x' = f(x)x, x' = dx/dt (first order 
model). Here x represents the population dens- 
ity or biomass. This equation specifies the rate 
of growth x' according to a rule of natural 
growth: growth is proportional to population, 
with coefficient of proportionality f(x). 
Modelling in population dynamics of the growth of a 
single species by the means of a second order diff- 
erential equation has been studied by Clark (1971) 
and briefly outlined by Freedman (1980). The au- 
thor of the present paper has discussed (Bojadziev, 
1983) in more detail the use of higher order diff- 
erential equations (higher order models) in math- 
ematical ecology. 
The starting point of Clark's paper (1971) is the 
Newton second law of motion mx" = F, x" = d'x/dt*, 
describing how a particle with position x and 
mass m moves under the action of a force F. To 
determine the future position of x we have to 
know how both, x and the velocity x' change. 
Newton's equation of a moving body 
mx" = _ S(x) - T(x,x') in which F is a sum of a 
restoration force S(x) and a damping force 
T(x,x') motivated Clark (1971) to model the be- 
haviour of a single species by the second order 
differential equation 
x" = GE(x) + GH(x,x") . (1) 
The change of the growth rate, x': has been called 
"life force" of the population (Freedman, 1980). 
The model (1) is based on a rule of life force: 
life force is a sum of restoration force and damp- 
ing force. Equation (1) in ecology reflects not a 
rigid principle but a rule based on analogy with 
mechanics. 
In comparison to a first order model a second order 
model of the type (1) involves more information 
about the population and gives the possibility for 
describing more precisely the behaviour of the pop- 
ulation. The responses obtained from a second or- 
der model are'generally far richer than those ob- 
tained by a first order model. It is enough to 
mention that in a first order model periodic or 
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quasi-periodic orbits cannot occur and the equi- 
libria are located on the one-dimensional space x. 
On the other side it is more difficult to construct 
and study a second order model than a first order 
one. 
The major task of this paper is to study the be- 
haviour of perturbed second and third order pop- 
ulatlon models. 
PERTURBED MODELS AND 
STRUCTURAL STABILITY 
The effect of small perturbations on models of the 
type N; = Ni$i(NI,N2),i = 1,2, describing the be- 
haviour of two interacting population NI and N2, 
has been a topic of continuing interest in math- 
ematical ecology. Interesting results have been 
obtained by Samuelson (1971), Freedman and 
Waltman (1975), Freedman (1975, 1980). 
G. Bojadziev and M. Bojadziev (1984) have invest- 
igated a perturbed Lotka-Volterra model from point 
of view of control and structural stability. 
The theory of structurally stable dynamical systems 
has been introduced by Andronov and Pontrjagin 
(1937) and developed by Andronov et al (1967), 
Peixoto (1959), Marcus (1971), Hirsh and Smale 
(1974). and others. It is widely applied in 
physics, mechanics, and engineering. A series of 
results on perturbed population models can be ex- 
plained from a common point of view by using the 
concept of structural stability. 
Consider the system 
x' = P(X,Y), Y’ = Q(X,Y), (2) 
where P and Q C C' or are analytic in a region 
G c R*. Let (xo,yo) be an equilibrium of (2). If 
the variational (Jacobian) matrix of (2), V(x,y), 
calculated at (xo.yo) has no zero or purely 
imaginary eigenvalues, the equilibrium is called 
hyperbozic. A hyperbolic point is simple since 
zero is not an eigenvalue of v(xo,yo) f 0. A 
nonhyperbolic equilibrium can be single, if 
V(xo,yo) has purely imaginary eigenvalues, or 
multiple, if detV(xo,yo) = 0, i.e. V(xo,yo) has 
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a zero eigenvalue. The asymptotic behaviour of 
solutions near a hyperbolic equilibrium can be 
determined by the linearization technique. A 
hyperbolic equilibrium is preserved under small 
perturbations. 
A fundamental theorem (Andronov et al, 1967, 
p. 165) states that the system (2) is structurally 
stable in a region G c G with a normal boundary 
if the following necessary and sufficient condi- 
tions are satisfied: (i) System (2) has only a 
finite number of equilibria in ?i which are all 
hyperbolic; (ii) There are no saddle-to-saddle 
connections in G; (iii) System (3) has only a 
finite number of closed trajectories in E which 
are all simple limit cycles. 
Roughly speaking, a structurally stable system 
has the nice property that under small pertur- 
bations its qualitative behaviour in the phase 
plane remains the same. However, if (2) has a 
nonhyperbolic equilibrium, then (2) is not struc- 
turally stable. A multiple equilibrium of (2) 
(it is nonhyperbolic) under small perturbations 
may bifurcate into simple equilibria (Andronov 
et al, 1967, p. 328). A hyperbolic equilibrium 
is called also structuraZZy stable equi2ibriwn. 
SECOND ORDER PERTURBED MODEL 
Consider the perturbed second order model 
x" + f(X)X' + g(x) = E$J(X,X'), (3) 
where E is a small positive parameter, and 
f(x), g(x), and $(x,x') are analytic in their ar- 
guments, It is assumed that for x E[O,-) the 
following conditions are satisfied 
3K > 0 such that g(K) = 0 , (4) 
(x-K) g(x) > 0 for x t K, (5) 
f(x) # 0. (6) 
For E=O the model (3) reduces to the Lienard 
equation 
x" + f(X)X' + g(x) = 0 (7) 
which is of the type (l), and together with 
assumptions (4) and (5) has been proposed by 
Freedman (1980, p. 16) as a second order pop- 
ulation model. Condition (4) implies that (7) 
has an equilibrium K and condition (5) expresses 
the restoration effect to the equilibrium K re- 
lated to the existence of carrying capacity of the 
environment. We interpret the term f(x)x' as a 
damping force reflecting the internal resistance 
within the population to fast changes in size. 
Equation (3) in R2 can be written as 
x' : y, y' = _ g(x) - f(X)Y + EIL(X,Y). (8) 
In order to apply the theory of structural sta- 
bility we study the unperturbed system 
x' = y. y' = - g(x) - f(x)y, (9) 
equivalent to (7), whose equilibrium in R2 is 
EO(KJJ). 
First we find the variational matrix of (9) at 
Eo(K,Q) 
vo(:Lo) =cg,(x) _ ;,,J. g’(x) =qL (10) 
whose detVo(K,O) = g'(K). From (6) it follows that 
f(K) # 0, which implies that (10) has no purely 
imaginary eigenvalues. If g'(K) t 0, (10) has no 
zero eigenvalue, hence En is a hyperbolic equi- 
librium. If g'(K) = 0, E. is a multiple equi- 
librium. 
THE SIMPLE EQUILIBRIUM 
To study the simple equilibrium we assume that 
g'(K) f 0, (II) 
i.e. K is a simple root of g(x) = 0. From (5) 
and (11) it follows that g'(K) 10. Then the 
eigenvalues of (10) are complex if If( - 
4g’(K) r~ 0, hence E. is a focus, and real (both 
positive or negative) if [f(K)12 - 4g'(K) 2 0, 
hence E" is node. There is no saddle point in 
this case. If f(K) > 0, the equilibrium Eo is 
asymptotically stable, and if f(K) c 0, E. is 
unstable. 
Applying the Bendixson criterion (see Andronov et 
al, 1967) for the system (9), 
LL + 5 (- g(x) - f(x)y) = - f(X), ax 
and noting that f(x), according to (6), neither 
changes sign nor is identically zero, we conclude 
that there are no closed orbits in a certain 
region ?i containing Eo. 
For the system (9), a particular case of (2), the 
conditions (i)-(iii) for structural stability are 
satisfied in G. Therefore we have the result. 
,mheorem 1. 
From the 
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equilibrium of (9). If g"' (K) = 0, then also 
g(I")(K)= 0 if g(")(K) = 0, 
n-l ,2 
, . . . ,2i ~~,“‘~t%i~ (K) # 0, the equilibrium 
EO 
is of muitiplicity Zmtl. .- 
Here we study the critical case 
g'(K) = 0, g"(K) = 0, 9"' (K) # 0. (14) 
Following Andronov et al (1967, p. 229), first we 
shift the triple equilibrium E. to the origin 
by substituting x=KtX and y=Y into (9). 
Expanding g(K+X) and f(KtX) in Taylor series, 
keeping terms up to the third order, and using the 
substitution 
C = f(K)X t Y , n = Y, T = - f(K)t , 
gives the system 
dc 
- = PI(C,n), 2 = n + PI(C,17), dT (15) 
where PI(6.n) = An(S-J-I) + B,,(F-n)' + C(C-n)3, 
A=$=2,B=;=&,C=ma>0; 
6If(K)l 
C > 0 since from (5) and (14) it follows that 
g"' (K) > 0. Consider the equation 
n + P1(E.n) = 0. According to the implicit func- 
tion theorem it has in the vicinity of (0.0) the 
solution n = n(C) = - CC3 t . . . . n(0) = 0, 
n'(0) = 0. Then PI(C,n) from (15). with 
ll = - cc3t... takes the form 'u(C) = CC3 t . . . 
According to Andronov et al (1967, p. 238), since 
C z 0 and the lowest power of s(C) is 3. an odd 
number, the equilibrium (0,O) is node, hence the 
triple equilibrium E. is also node. By the 
above we have the result. 
Theorem 2. If the conditions (4)-(6) and (14) 
hold, the unperturbed system (9) has a triple 
equilibrium Eo(K,O) which is a node. 
BIFURCATION OF THE EQUILIBRIUM 
Here we investigate how the triple equilibrium 
Eo(K,O) of (9) decomposes or bifurcates under 
the influence of a small perturbational term 
cq(x,y) into the equilibria E(q,O) of (8). 
First we find the variational matrix of (8) at 
E(q,O) 
( 0 1 ’ (16) 1 
where $I, and $I 
Y 
are partial derivatives. 
Secondly we seek q in the form 
q = K t $'k 
1+e 
2iJv 
y2 + . . . 1 Y,V c N. (17) 
Substituting (17) into (12) with (14) gives the 
identity for 
y1 
- $J"' (K) (ku'vkI+,..)3 + E$I(K.O) 
+~I~X(K,0)(ku'"kI+..)~xx(K,0)(eu'VkI+...)21 = 0 
(18) 
The following cases are possible. 
(i). Case u/v = l/3, $(K.O) # 0. The coefficient 
Of E in (18) equalized to zero gives the equa- 
tion -' (1/6)9"'(K) ~1" + $(K,O) = 0 ;!hich has only 
one real root I: 1 = I6q(K,O)/g" $1"'. Hence (8) 
has one simple equilibrium E(K+e k,+...,O). The 
corresponding eigenvalues of (16) are 
X1,2 = -if(K) 
f ;{If(K), 2 - 2,2'3k; g"'(K))1'2t . . . . 
Since g"' (K) > 0, if f(K) :, 0, x 
1.2 
< 0, and the 
simple equilibrium E is an asymptotically stable 
node; if f(K) c 0, h 
node. 
I.2 
> 0, and E is unstable 
Case (iii. u/v = l/2, $(K,O) = 0, $ (K,O) # 0. 
This shows that K is a simple rootXof (12). 
hence (8) has one equ:;;brium EI(K,O) e Eo(K.O). 
The coefficient of c in (18) equalized to 
zero gives 
- &"'(K)k; + Jlx(K,O)kI = 0. (19) 
(a) $,(K,O) < 0. Equation (19) has one real root 
'1 = 0, i.e. (8) has only one equilibrium EI(K.0). 
The eigenvalues of (16) 
X1,2 = - if(K) + ;(If(K)12 + ~E$~(K,O)$"+... 
have the same sign as those in case (i). Hence El 
is asymptotically stable node if f(K) 7 0 and 
unstable node if f(K) < 0. 
(b) #x(K,Q) > 0. Equation (19) has real nonzero 
roots kfp3 = f 16$,(K,O)/g" (K)11'2, hence (8) has 
three simple equilibria EI(K,O) and 
E2,3(K+c1'2k:'3t...,0). For the equilibrium EI 
the eigenvalues of (16) are those in subcase (a). 
Here they have opposite signs, hence EI is a 
saddle. For the other two equilibria E2,3, the 
eigenvalues of (18) 
X1.2 = - if(K) ? $If(K)12 - 8c$x(K,0)11'2t... . 
have the same sign as those in case (i). Both E2 
and E3 are asymptotically stable nodes if f(K) z 0 
and unstable nodes if f(K) < 0. 
Case (iii). u/v = 1, y(K,O) = $,(K,O) = 0, 
$,,(K.O) f 0. The system (8) has a double equili- 
brium E(K,O) which coincides with Eo. The co- 
efficient of k3 in (18) equalized to zero gives 
the equation - (l/3)9"' (K)K~ + @,,(K,O)k: = 0 
which has a nonzero root K 
1 = 3$xx(K,0)/g"' (K). 
;e;;;kthye is a third simple equilibrium 
3 y1 . . ..a). For E3 the eigenvalues of (16) 
are 
x1,2 = - if(K) 
? &f(K)12 
Wxx(K,0)12 I/2 
-24~' ,,, 
9 (K) I 
+ . . . , 
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hence, like case (i), E3 is asymptotically stable 
node if f(K) > 0 and unstable node if f(K) < 0. 
The double equilibrium E(K,O) of (8) we can study 
as the triple equilibrium Eo(K,O) of (9). The 
transformed system (8) in the space (C,n) is 
g = PI(s,n) - .D(s-r~)~> 
totically stable focus if r2 < 4c and asymptot- 
ically stable node if r2 ? 4c, r = f(K) from (21). 
The equilibrium E(K+c$(K,O)/c+...,O) of (22) has 
the same nature and stability property as Eo. In 
order E. to be hyperbolic we may require instead 
of (6) the weaker condition f(K) t 0 which holds 
for f(x) given by (21). 
2 = n + PI(s,n) - eD(C-n)2, 
where PI(s,n), A, E, and C ar; the same as in 
(15), and D = $x,(K,O)/2[f(K)l . We obtain here 
n = eDC2+... and ~(6) = - EOE'+ . . . . Since the 
lowest power of vi(<) is 2, an even number, accor- 
ding to Andronov et al (1967, p. 238), the double 
equilibrium E(K,O) of (8) is a saddle-node. 
Triple Equilibrium 
For m=2 we obtain from (21) that f(K) = r > 0, 
g'(K) = g"(K) = 0, g"'(K) = 6c > 0, hence (20) has 
a triple equilibrium Eo(K.O). According to 
Theorem 2, E. is a node which bifurcates into the 
equilibrium of (22) as described in Theorem 3. 
For example, if we choose $~(x.y) = x - K, then 
q(K,O) = 0 and $x(K,O) = 1. Theorem 3, case (ii), 
shows that E, bifurcates into, a saddle EI(K,O) 
The bifurcations of E. are summarized in the 
following 
and the two nodes E2,3(K ? ~l'~c+...,O 
Theorem 3. The triple equilibrium Eo(K,O) (node) 
of the unperturbed system (9) bifurcates into the 
equilibria E(q,O) of the perturbed system (8) 
as follows: 
(i) Suppose P/U = l/3 and $(K,O) # 0. Then there 
is only one equilibrium E which is node. 
(ii) Suppose P/v = l/2 and $(K,O) = 0, 
$,(K,O) f 0. Then if $x(K,O) < 0, there is only 
one equilibrium E which is node; if 
yx(K,O) 7 0, there are three equilibria Ei, 
i=I,2,3, one saddle and two nodes 
(iii) Suppose p/v = 1 and $(K,O) = $x(K,O) = 0, 
$,x(K,O) f 0. Then there is a double equilibrium 
EI = E2 which is a saddle-node and a simple equi- 
librium E3 which is node. 
Note. Similarly following Andronov et al (1967) 
one can consider the critical case wehre the low- 
est order nonzero derivative of g(x) calculated at 
K is 3(2m+1)(K), m > 1. 
THIRD ORDER PERTURBED RODEL 
Here we study briefly the equilibria o 
order perturbed model 
x"'+Ib(x,x')x" + f(X)X' + g(x) = @(X.X 
The functions in (23) are analytic in their argu- 
ments, g(x) has the properties (4) and (5), and 
in addition 
f(K) f 0, @(K,O) f 0. 
For E=O the model (23) reduces to 
x"' t $(X,X')X" t f(x)x' + g(x) = 0. (25) 
Third order models of the type (25) describing the 
behaviour of a single population have been intro- 
duced by Bojadziev (1983). Equation (25) spec- 
ifies the rate of growth x"' of the life force x". 
In R3 equation (27) takes the form 
x'=y, y'=z, 
GENERALIZED LOGISTIC EUUATION 
Now we consider the following second order model of 
the type (9) 
2' = _ g(x) - f(X)Y - '$(x,y)a + @(X,Y,Z). (26) 
For E=O (26) reduces to the unperturbed system 
x' = y, y' = _ r(g - 1)y - ~(x-K)~~-l, (20) 
where r and c are positive constants and 
m = {1,2}. The functions f(x) and g(x) are 
f(x) = t-(& - 1) g(x) = c(~-K)~~-'. 
K ’ (21) 
The perturbed model (8) is 
x'=y, y"z, z' = _ g(x) - f(X)Y - O(X,Y)Z, (27) 
equivalent to (25), with equilibrium Eo(K,O,O). 
x' = y, 
y' = _ r(% - I) y - ~(x-K)~~-'+e$(x,y). (22) 
Setting c=O in (20) and integrating, gives the lo- 
gistic equation x' = rx(l-x/K) plus a constant of 
integration which can be made zero if the initial 
conditions of (20) are selected appropriately. In 
that sense (20) is a generalized logistic equation. 
Simple Equilibrium 
If m-l, from (21) we get g'(K) = c # 0, hence the 
unperturbed model (20) has a simple equilibrium 
Eo(K.O). Conditions (4) and (5) are satisfied 
while (6) holds .For xc($, -). According tcTheorem1 
the unperturbed system (20) is structurally stable. 
The equilibrium Eo(K,O) is hyperbolic: asymp- 
Structurally stable behaviour can be extremely 
complex for systems in R", n ? 3, where the set of 
structurally stable systems is not dense like in 
R2 (Hirsh and Smale, 1974, p. 314). A system (S) 
in R", n 2 1, is structuraZZy stabZe if there is a 
homeomorphism (a continuous map having a continuous 
inverse) between (S) and a sufficiently close per- 
turbed system (PS). Thus a one to one corres- 
pondence is established between trajectory, equi- 
libria, closed orbits, and so on, of (S) and (PS). 
(For a precise definition see Hirsh and Smale, 
1974). However, consideration of the hyperbolic 
nature of an equilibrium in R", n ? 3, a major 
characterization of a structurally stable system, 
is important since it gives conditions for per- 
sistence of the equilibrium under small pertur- 
bations. The definition of a hyperbolic equi- 
librium in R", n ? 3, is the same as in R2. 
In this section we study the equilibria of the per- 
turbed model (23) in relationship with the hyper- 
bolic and nonhyperbolic equilibrium of the unper- 
the third 
,Y”). (23) 
(24) 
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turbed model (25). 
Simple Equilibrium 
We assume that (11) holds which with (5) gives 
g'(K) # 0. Then the variational matrix of (27) at 
Eo(K,O,O) is 
V,(K,O,O) = 0 
( 
0 1 0 
0 1 (28) 
-g'(K) -f(K) -@(K.O) ) 
and detV (K,O,O) = - g'(K) # 0. The eigenvalues 
of (28) gt-e roots of the characteristic equation 
X3 + $(K,0)X2 + f(K)h + g'(K) = 0, (29) 
which does not have a zero root. Hence E. is a 
simple equilibrium of (27). If 
@(K,O)f(K) f g'(K), (30) 
equation (28) has no purely imaginary roots, which 
implies that E 
If the inequality (34) 
turns to equality, the roots ? iw of (29) may or 
may not generate imaginary roots of (33). Here 
this case is not considered. The results concern- 
ing the simple equilibrium E can be summarized 
in the following theorem. ' 
Theorem 4 (i) A hyperbolic equilibrium of the 
unperturbed system (27) generates also a hyperbolic 
equilibrium of the perturbed system (26) with the 
same index. (ii) A nonhyperbolic simple equilibrium 
of (27) corresponding to purely imaginary roots of 
(29) (conditions (32) hold) generates a hyperbolic 
equilibrium of (26) provided that inequality (34) 
is valid. The stability and stability properties 
of the two equilibria may or may not be the same. 
Bifurcation of the Multiple Equilibrium 
To study the critical case of multiple equilibrium 
Eo(K.O,O) we assume as for the second order model 
that 
9 
(x) satisfies conditions (14). Then 
det V. K,O,O) = 0. K is a triple root of g(x) = 0, 
and E, is a triple equilibrium of (27). 
To find the perturbed equilibrium E(q,O,O) we 
seek q in the form of (17). Substituting q 
into (31) with (14) gives the identity (18) and 
the same values for KI as in the second order 
model, cases (i)-(iii) with the unsignificant 
difference that instead of $(K,O), $x(K,O), and 
$x,(K,O), now we deal with $(K,O,O), $x(K.O,O). 
and $x(K,O.O), correspondingly. This shows that 
similarly to Theorem 3 we can formulate the fol.l- 
owing bifurcation theorem. 
Theomm 5. The triple equilibrium E'(K,O,O) of 
(27) bifurcates into the equilibria E(q.O,O) of 
(26) as follows: 
(i) Suppose u/v = l/3 and $(K,O,O) # 0. Then 
there is only one equilibrium E. 
(ii) Suppose u/v = l/2 and $(K,O,O) = 0, 
$,(K,O,O) f 0. Then if $,(K,O,O) G 0, there is 
only one E; if $,(K,O,O) > 0, there are three 
simple equilibria Ei, i=1,2,3. 
(iii) Suppose u/v = 1 and #(K,O,O) = $x(K,O,O) = 0, 
$,,(K,O,O) f 0. Then there is a double equilibrium 
EI = E2 and a simple one E3. 
The nature of the simple equilibria E of (26) 
depends on the roots of (33). We do not present 
here a detailed study of these roots but on the 
followin example show how it can be conducted. 
In case 111) equation (33) for the simple equi- 
T... 
librium E3 reduces to 
h3+ I@(K,O)+ e...Ih2+ If(K)+n...lx 
+E 
2 3L$xx(K,0,0)12 
29"' (K) + . . . 
= 0. 
where the free of x term is small and positive. 
According to the Routh-Hurwitz criterion, if 
$(K,O) z 0 and f(K) > 0, this equation has all 
roots with negative real parts, hence E3, is an 
asymptotically stable generalized node. 
Note -. Analogically to the second and third order 
perturbed models we can introduce and study an n-th 
order perturbed model 
x(n) + h(x,x',...,x (n-2))x(n-I)+._, $(X*X’)X” 
+ f(X)X' + g(x) = c*(x,x',...,x (n-1). 
CONCLUSION 
In this paper perturbed second and third order pop- 
ulation models have been introduced to describe the 
behaviour of a single population. A modelling 
approach based on analogy with mechanics has been 
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used. 
The second order model is discussed from point of 
view of structural stability. Under certain con- 
ditions, the unperturbed equation has either a hy- 
perbolic or multiple equilibrium. The hyperbolic 
equilibrium generates also a hyperbolic equilibrium 
of the perturbed model, with the same nature and 
stability property. In the critical case - mul- 
tiple (triple) equilibrium (node) of the unper- 
turbed model, conditions have been found under 
which the triple equilibrium bifurcates into: 
(i) a simple equilibrium (node); (ii) a simple 
equilibrium (saddle) or three simple equilibrium 
(a saddle and two nodes); (iii) a double equi- 
librium (saddle-node) and a simple equilibrium 
(node). 
For the third order model similar results con- 
cerning the equilibria have been obtained. Also 
it has been shown that a simple nonhyperbolic 
equilibrium of the unperturbed model generates 
under certain conditions a hyperbolic equilibrium 
of the perturbed model. 
Models in population dynamics are derived by ideal- 
ization and simplification of real situations, 
hence they describe reality with an error. The 
structurally stable models, like (9) with (ll), 
which do not change qualitatively under small per- 
turbations can be considered as credible despite 
the lack of an exact description of reality. 
Models with multiple equilibria as (9) with (14) 
are structurally unstable. They are too fragile, 
therefore may not be considered as suitable models 
to real situations. However the multiple equi- 
librium of (9) exists and bifurcates under special 
conditions which are notlikely to occur. The know- 
ledge of these conditions gives the possibility to 
avoid their realization in applications. Also we 
can attach certain credability to models like (25) 
with (11) and (30) in R3 having hyperbolic equi- 
libria, which persist under small perturbations. 
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